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Abstract
The paper studies the surfaces of the Galilean space R13. First, we consider
the geometry of the surface in a small neighborhood of a point on the surface.
Basically, we studied the points of the surface where at least one of the principal
curvature appeals to zero. Two classes of points are defined where at least one
of the principal curvature is zero. These points are divided into two types,
parabolic and especially parabolic. It is proved that these neighborhoods using
the movement of space is impossible to move each other. A sweep of surfaces
with parabolic and especially parabolic points is constructed. A geometric
image of the cone sweep in Galilean space is given. In Galilean space, we
consider surfaces that do not have special planes. A class of surfaces with no
special tangent planes is defined. A geometric image of a cone sweep in Galilean
space is given. In Galilean space, surfaces that do not have special planes are
considered. A class of surfaces is defined that do not have special tangent
planes. At the end of the article, a classification of surface points in Galilean
space is given.
Keywords: Galilean space, surface, linear transformation, indicatrix, parabolic
point, especially parabolic point, semi-isometric, isometric, sweep, movement,
principal curvature.
Mathematics Subject Classification (2010): 53A35, 53B30.
1 Introduction
The classification of the surface points of the Galilean space was considered in the
work of A. Artykbaev [1]. Where, unlike Euclidean space, the surface points of the
Galilean space are divided into four classes, i.e. elliptical, hyperbolic, parabolic and
cyclic.
In this case, the points of the hyperbolic type of the surface are divided into two
classes, called hyperbolic and cyclic points [1].
It is known that the surfaces of Euclidean space, all points of which are elliptic,
constitute a class of convex surfaces, as well as surfaces, all points of which are
hyperbolic are called saddle surfaces. Conical and cylindrical surfaces are surfaces
that consist of parabolic points [2]. But in the Galilean space, saddle surfaces are
divided into two classes. Surfaces whose points consist of cyclic points are called
cyclic surfaces. Some properties of the cyclic surfaces of the Galilean space were
studied by E. Kurbanov [3, 4, 5].
In this paper we study the geometry of the surface of Galilean space around a
parabolic point.
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2 Preliminaries results
2.1 Basic concepts of surface theory in Galilean space
Let two vectors ~X(x1, y1, z1) and ~Y (x2, y2, z2) be given in the affine space A3 .
Definition 1. Galilean spaces are affine spaces in which the scalar product of the
vectors ~X(x1, y1, z1) and ~Y (x2, y2, z2) is defined as follows:{
(XY )1 = x1x2;
(XY )2 = y1y2 + z1z2 , if (XY )1 = 0.
In the Galilean space R13, the norm of the vector is defined as the square root of
the scalar product of the vector by itself, that is
|| ~X|| =
{ |x1|, when x1 6= 0;√
y21 + z
2
1 , when x1 = 0.
In R13, the distance between two points A(x1, y1, z1) and B(x2, y2, z2) will be equal
to the norm of the vector
−→
AB
|−→AB| =
{ |x2 − x1| when x1 6= x2;√
(y2 − y1)2 + (z2 − z1)2 when x1 = x2.
The movement of the Galilean plane is a linear transformation:{
x′ = x+ a
y′ = hx+ y + b
−∞ < h < +∞
consisting of parallel transfer to the vector ~a = (a; b) and transformation matrix
A =
(
1 0
h 1
)
, where DetA = 1 [6]. The matrix A will be an element of the
Heisenberg group [7, 8]. When in the linear transformation a = b = 0, then{
x′ = x
y′ = hx+ y.
(1)
If x = x0 is straight parallel to the Oy axis, then the linear transformation will
have the following form: {
x′ = x0
y′ = hx0 + y
This means that x′ = x0 the straight line does not change, from the equality
y′ = hx0+y it follows that the straight line slides at a distance hx0 along the straight
line itself (Fig 1).
Consider in R13 the surface equation in vector form [6]:
_
r =
_
r(u, v) = u
−→
i + y(u, v)
−→
j + z(u, v)
−→
k
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Figure 1: Linear transformation
The planes , x = a are called special planes, and when a surface intersects with a
special plane, u = const coordinate lines are formed. The coordinate lines v = const
are chosen so that they form a network on the surface with the coordinate lines
u = const (Fig 2).
The first fundamental form of the surface has the form
{
ds21 = I1 = du
2
ds22 = I2 = G(u, v)dv
2 ; if I1 = 0,
where G(u, v) =
√
y2v + z
2
v [6].
A vector lying on a special plane and orthogonal to the vector rv is called a unit
normal surface vector. In this case the unit normal vector is defined by the following
formula:
→
n = ±zv
→
e2−yv →e3√
y2v + z
2
v
= ±zv
→
e2−yv →e3√
G(u, v)
This expression
II = nd2r = −drdn = Ldu2 + 2Mdudv +Ndv2
is called the second fundamental form of the surface. Here
233
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Figure 2: Surface
L = (
→
ruu
→
n) = yuuzv−zuuyv√
G(u,v)
M = (
→
ruv
→
n) = yuvzv−zuvyv√
G(u,v)
N = (
→
rvv
→
n) = yvvzv−zvvyv√
G(u,v)
.
With the help of the second fundamental form, the concept of the surface curvature
indicatrix is introduced. The curvature corresponding to the principal directions of
the curvature indicatrix is called the principal curvature of the surface [6].
Using the transform {
x = x′
y = y′ − M
N
x′
the equation of the indicatrix
Lx2 + 2Mxy +Ny2 = ±1
can be cast to the canonical form
a11x
′2 + a22y′2 = ±1.
Here
a11 = L− M
2
N
, a22 = N.
The case where a22 = N = 0 is considered separately.
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3 Main results
3.1 Sweep a surface to a plane
In Galilean space, as in Euclidean geometry, we can consider the problem of sweep a
surface on a plane. It is known that the sweep of a polyhedron or surface in Euclidean
space will be an isometric mapping onto a plane [9].
The notion of isometry in the metric of Galilean space is also different from Eu-
clidean space. The reason is that the distance is determined differently.
Let F be a bounded surface of Galilean space. From the general boundedness of
the surface follows the boundedness and the Ox axis.
Therefore, the special planes given by the equation x = xi crossing the surface F
are also bounded, that is, there are numbers a and b such that a ≤ xi ≤ b. Moreover,
the plane x = a, limits the surface F on the left on the Ox axis and the plane x = b
limits on the right. The numbers a and b may not be bounded.
Definition 2. The interval [a, b] is called the width of the surface F in Galilean space.
Definition 3. Semi-isometric surfaces are surfaces that have equal widths.
Obviously, there is a fairly wide class of semi-isometric surfaces.
In addition, it is always possible to establish a one-to-one correspondence be-
tween semi-isometric surfaces such that the distance between the corresponding spe-
cial planes crossing the surface F will be equal.
Definition 4. Semi-isometric surfaces are called isometric if in the corresponding
sections the map is isometric.
For a geometric representation, consider an example of semi-isometric, but not
isometric surfaces in Galilean space.
Consider two cylindrical surfaces z = x2 and z = y2 defined in the domain
D{−1 ≤ x ≤ 1, −1 ≤ y ≤ 1} (Fig 3 and Fig 4).
If these surfaces are considered as surfaces of Euclidean space, it is easy to notice
that they are equal. The transformation x′ = y, y′ = x can translate the first surface
to the second. It is obvious from the equality follows isometrically.
In Galilean space, these surfaces are semi-isometric, but not isometric. Of course,
these surfaces are not equal.
The proof of these concepts is shown in the figures.
First, consider the vector equation of these surfaces and their graph.
−→r1 (u, v) = u~i+ v~j + u2~k ; −→r2 (u, v) = u~i+ v~j + v2~k
D{−1 ≤ u ≤ 1, −1 ≤ v ≤ 1} - is the domain of definition.
Now consider bending these surfaces onto the Oxy plane, that is, unambiguous
mapping the surface onto the plane while preserving the distances between the cor-
responding points and the order of the distance.
The first surface −→r1 (u, v) maps to the region D - isometric to Galilean space
(Fig 5). The second surface −→r2 (u, v) is mapped onto the domain D∗{−1 ≤ u ≤
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Figure 3: Cylindrical surface z = x2
1, −l ≤ v ≤ l} (Fig 6). Here l = ∫ 1−1√1 + 4v2dv is the length of the parabola. A
feature isometry of the surface of the Galilean space can be notice in the mapping of
OAB, OCD triangles on the corresponding surfaces. In Galilean space, the triangles
OAB and OA∗B∗, also OCD and OC∗D∗ - are equal among themselves.
By analogy to the Euclidean space [9], we define the concept of a surface sweep in
Galilean space. The properties of the Galilean space metric allow you to sweep the
surface onto a plane, so that the distance between two points on the surface and the
corresponding points on the plane are of the same order and are equal in magnitude.
In this case, an essential role is played by the location of the surface relative to a
special plane. Because when you sweep a section of a surface on a special plane, the
points on a special straight plane correspond. The plane on which the scan is carried
out will be the Galilean plane. To do this, we take the plane in the space R13 as the
sweep plane.
Definition 5. If between the points of the surface F ⊂ R13 and the points of the
domain G in the plane Oxy, there is an unambiguous mapping, the distance between
the corresponding points have the same order and equal, then the domain G - sweep
is called a surface F in the plane Oxy.
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Figure 4: Cylindrical surface z = y2
In Euclidean space has a sweep only convex polyhedral cylindrical surface, cone.
The degeneracy of the Galilean space metric allows for the unfolding of surfaces of a
wider class.
Theorem 1. The surface F ∈ R13 - width [a, b] and uniquely projected on the Oxy
plane, has a sweep G on the band a ≤ x ≤ b of the Oxy plane.
Proof. First, consider surfaces F ⊂ R13 with an edge L and unambiguous projections
to the domain D of the Oxy plane, with the point of the edge L projected to the
boundary ∂D. Suppose A and B are the points of the surface F , where the planes
x = a and x = b are the reference planes of the surface. Then by points A and B the
edge of L divides into two curves L1 and L2.
The projection of points A and B on the Oxy plane is denoted by A∗ and B∗.
Then the boundary of the ∂D domain D by points A∗ and B∗ will be divided into
two parts.
Let ∂D1 be a part of the edge of the domain D whose points are the projection of
the curve L1, then let the points of the edge L1 be the surface F - uniquely projected
to the points ∂D1.
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Figure 5: Sweep of surface z = x2
Consider the rays on the plane Oxy, the beginning of which are the points ∂D1
and directed towards the domain D. On these rays, we postpone the segments of
a length equal to the length of the section of the surface F with a special plane
corresponding to the direction of the beam. Then, on the palace a ≤ x ≤ b is formed
some domain G, width [a, b] and on each x = x0 - the length of the segment is equal to
the length of the section of the surface F with this plane. The theorem is proved.
3.2 Classification of parabolic points of the surface
In the Galilean space R13, the principal curvatures of the surface are determined by
special images. One of the principal curvatures of the surface is considered to be
the curvature of the curve corresponding to the section by a special plane, that is,
the curvature of the coordinate line u = const. The second principal curvature is the
extremum of the normal curvature that does not correspond to a special direction [6].
Therefore, the total curvature of a surface is defined as the product of its principal
curvature.
In [6], a point on the surface where the condition a11 6= 0, a22 = 0 is called
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Figure 6: Sweep of surface z = y2
parabolic. In this case, the indicatrix of the surface in Galilean space has the form
Lx′2 = ±1
or can be reduced to this form by transformation (1).
In addition, there is the possibility a11 = 0, a22 6= 0. Then the indicatrix of the
surface has the form
Ny′2 = ±1.
The above example showing these two possible parabolicity points of the surface
has a different geometric representation. Moreover, the movement of the tangent
plane can not transform them each other. Therefore, these cases must be considered
separately, that is, they must be considered different.
The second case when a11 = 0, a22 6= 0, we will call the special parabolic point of
the surface.
Therefore, the geometry near the parabolic point is similar to figure 3.1 a in the
special parabolic point in figure 3.2.
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3.3 About the sweep of the cone
Consider the sweep of the cylinder and the cone, that is, some surfaces obtained by
the movement of the line in the space R13.
Definition 6. Surfaces all points of which are parabolic (especially parabolic) are
called parabolic (special parabolic).
The examples given above shows those cylindrical surfaces are examples of parabolic
(special parabolic) surface. It is easy to prove the following statement.
Lemma 1. If the guide curve of the cylinder is a curve on a special plane, then the
cylinder is a special parabolic surface.
Proof. It is also easy to prove that the cylinder whose generators are parallel to the
singular plane are parabolic surfaces.
It is obvious when the guide curve belongs to a special plane, then it is transferred
in parallel generatrix.
Now consider conical surfaces.
Let F be a conical surface with a vertex, S and a guiding curve γ. In this case,
three types must be distinguished. First, a special plane passing through the point
S does not intersect the curve γ. The second crosses the curve and the third when
the special plane touches the curve γ in the points of some segment.
These three types correspond to the three location of the conical surface with
respect to a special plane. For our reasoning, we consider a cone (that is, an γ -
convex closed plane curve), that is, a part of a conical surface. Then in the first case,
the special plane will be the reference plane of the cone passing through the vertex S.
In the second case, the special plane passing through the vertex S intersects it by two
generators. Finally, in the third case, a special plane touches the cone. In all cases
considered, the generators of the cone do not lie on special planes, since they always
pass through points S cannot be parallel, and special planes are parallel. Therefore,
the following statement easily follows.
Lemma 2. The points of the cones are especially parabolic.
Proof. Consider the decomposition of a cone into a plane. Let K be a cone uniquely
projecting onto the Oxy plane. The cone sweep feature is revealed at the top since.
The neighborhood of any point on a surface that does not contain a vertex of a cone
unfolds onto a plane. Therefore, we basically consider the complete neighborhood of
the vertex of the cone and then there is a part of the cone containing its vertex as an
internal point.
In the first case, when the cone is uniquely projected onto the Oxy plane, the
neighborhood of the vertex has a sweep of the following figure (Fig 7).
Where the value AB = ωS is the total angle defined in [10].
The second case is when the special plane is tangent to the plane of the cone (Fig
8).
The sweep of the cone will be a half-plane, an Oxy plane, with A′B′ = AS +SB.
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Figure 7: Conical surface and its sweep
In the third case, when the cone does not have tangent special planes, the special
plane is the supporting plane of the vertex S (Fig 9). Then the sweep of the cone
has the following form.
Moreover, AA′ is equal to the length of the closed curve on the cone with the vertex
at point S obtained by the section by a special plane passing not a unit distance.
To the justice of the cone sweep drawings, one can be convinced by considering
the sweep of the polyhedral angles inscribed inside the cones.
3.4 Features of the study of the surface in R13 and the classi-
fication of surface points
The research of the theory of the surface of the Galilean space and the construction
of a surface sweep led to the need to refine the classification of surface points given in
[1]. But analogical questions, that is, the geometry of the surface of Galilean space
is studied in the works [11, 12, 13], where the surface points are not classified. It was
also solved in [14, 15, 16], where singularities at hyperbolic and parabolic points were
not distinguished.
The studied geometry of the Galilean plane is always associated with a special
direction [17, 18] in space a similar role is played by a special plane of Galilean space.
When the foundation of the concept of surface theory of the Galilean space R13
ruled, they demanded that the surface does not have a special tangent plane. Below
we consider surface classes in R13 that do not have special tangent planes.
Since the space R13 under consideration is constructed on the affine space A3, the
basic concepts of convex sets in the Galilean and Euclidean spaces coincide.
We will use the definitions of the basic concepts connected by a convex surface
and a convex polyhedron given in [19]. Recall some of them:
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Figure 8: Conical surface and its sweep
Figure 9: Conical surface and its sweep
A plane passing through the boundary point X of the body K is called support
at this point X if all points of the body are located on one side of the plane, i.e. in
one of the half-spaces she defines.
With each point S of the boundary of a convex body K, some cone V (S) is
connected, formed by semi-straight lines emanating from the point S and intersecting
the bodies K, at least at one point other than S. This cone is called the tangent
cone of the convex surface of the bounding body. When the tangent cone of a convex
surface is a plane, the point of the surface is regular. If the tangent cone is a dihedral
angle, the point of the surface is ribbed. A point of a convex surface is called conical
if the tangent cone does not degenerate. It should be noted that the set of ribbed
points of a convex surface has measure zero, and the set of conical points is not more
than countable [20].
In the Galilean space R13, we consider convex on a surface that do not have special
tangent planes. This restriction reduces the set of convex surfaces, but there is a class
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of convex surfaces satisfying this condition. We enumerate classes of convex surfaces
that do not have special tangent planes. Any closed convex surface has two special
planes. Suppose a closed convex surface F has reference planes in the direction of the
axis Ox, x = a and x = b. Denote by A and B the points of contact on the surface F .
If points A and B are canonical points of the surface F , then the planes x = a and
x = b are reference planes. Therefore, closed convex surfaces with canonical points
A and B are closed surfaces that do not have special tangent planes. We denote this
class of surfaces by W (A,B).
Now we consider convex surfaces F with edges L = ∂F and uniquely projecting
onto the Oxy plane. In the general case, there are planes x = a, x = b supporting
the points of the edge. Suppose the reference planes with a surface have only a
common point A,B ∈ L. this class of surfaces is denoted by L{A,B}. In this case,
the reference planes have only common points with the surface and these points are
conical boundary points.
In the case of infinite surfaces with a limit cone V , the cone must not have
special tangent planes. Then we distinguish two cases. The first is when V - is
uniquely projected onto the general position plane. Second, V - is uniquely projected
onto a special plane. This class of convex surfaces is denoted by K(V ) and K(V, 0)
respectively.
Conclusions
As a result of our research, we give a classification of surface points:
1. If K = a11a22 > 0, then the indicatrix equation is an ellipse, the point A is
called an elliptic point;
2. If K = a11a22 < 0, then the indicatrix equation is a hyperbola, the point A is
called a hyperbolic point;
3. If a22 = 0 and K = −M2 < 0, then the indicatrix equation consists of a
hyperbola whose asymptotes are coordinate axes, the point A is called a cyclic
point;
4. If K = a11a22 = 0, a22 6= 0 and a11 = 0, then the indicatrix equation consists of
two special parallel spatial lines, the point A is called a special parabolic point;
5. If K = a11a22 = 0, a22 = 0, M = 0 and L 6= 0, then the indicatrix equation
consists of two parallel lines that are parallel to the axis, the point A is called
the parabolic point.
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